A connected ρ-regular graph G has largest eigenvalue ρ in modulus. G is called Ramanujan if it has at least 3 vertices and the second largest modulus of its eigenvalues is at most 2 √ ρ − 1. In 2010 Droll classified all Ramanujan unitary Cayley graphs. These graphs of type ICG(n, {1}) form a subset of the class of integral circulant graphs ICG(n, D), which can be characterised by their order n and a set D of positive divisors of n in such a way that they have vertex set Z/nZ and edge set {(a, b) : a, b ∈ Z/nZ, gcd(a − b, n) ∈ D}. We extend Droll's result by drawing up a complete list of all graphs ICG(p s , D) having the Ramanujan property for each prime power p s and arbitrary divisor set D.
Introduction
Over the last decades the theory of expander graphs has attracted quite a lot of research interest. These graphs with strong connectivity properties have a number of applicatory consequences, e.g. the resolution of an extremal problem in communication network theory (cf. [4] ), but they are also of importance in theoretical computer science. For a detailed review of this topic we refer to [11] .
A special class of expanders are Ramanujan graphs, which were introduced by Lubotzky, Phillips and Sarnak [15] in 1988 (see also [16] ). A connected ρ-regular graph G has largest eigenvalue ρ and is called Ramanujan if G has at least three vertices and the second largest modulus of its eigenvalues Λ(G) := max{|λ| : λ ∈ Spec(G), |λ| = ρ} (1) satisfies Λ(G) 2 √ ρ − 1, where the eigenvalues of a graph G simply are the eigenvalues of its adjacency matrix, and the spectrum Spec(G) is the set of all these eigenvalues. Observe that for each ρ-regular connected graph G the largest eigenvalue ρ occurs with multiplicity 1, and consequently G has eigenvalues λ with |λ| < ρ if G has at least 3 vertices (cf. [5] ), which means that Λ(G) is well defined under this mild restriction. By a result of Alon [2] and Boppana [6] (see also [15] , Proposition 4.2) on random ρ-regular graphs we know that Λ(G) = 2 √ ρ − 1 is asymptotically best possible. The class of integral circulant graphs, i.e. graphs having a circulant adjacency matrix with integral eigenvalues, is an object comprising algebraic, arithmetic and combinatorial features. Lots of interesting results on this class of graphs have been obtained in recent years (see [17] for references). By the works of Klotz and T. Sander [13] and So [22] , integral circulant graphs are generalisations of unitary Cayley graphs and can be defined as follows: For a given integer n > 1 and a set D ⊆ D(n) := {d > 0 : d | n} of positive divisors of n the corresponding integral circulant graph ICG(n, D) has vertex set Z/nZ and edge set {(a, b) : a, b ∈ Z/nZ, gcd(a − b, n) ∈ D}, where Z/nZ denotes the additive group of residue classes mod n. Unitary Cayley graphs are the graphs ICG(n, {1}). Since ICG(n, D) has loops in case n ∈ D, it is usually assumed that D ⊆ D * (n) := D(n) \ {n}. Recently the examination of spectral properties of ICGs has caught quite some attention (cf. [1, 3, 20, 21] ). In particular, a variety of results on the energy
|λ| of ICG(n, D) has been obtained (cf. [7, 10, 12, 14, 17, 18, 19, 21] 
(ii) D = {1} in case p = 2 and s 3;
2 ) in case p ∈ {2, 3} and s 3 odd;
2 ) in case p = 5 and s 5 odd;
in case p = 2 and s 5 odd.
Theorem 1.1 tells us for each prime power in a simple way how to choose divisor sets to obtain an integral circulant graph that is Ramanujan, except for the final case (vii), where the construction is a little more intricate. In this situation, the binary expansion of the lefthand side of (2) is obtained by adding 2
to the binary expansion of the real constant 3 − 2 √ 2 = (0.0010101111101100001...) 2 . Obviously, the sum on the righthand side of (2) We like to make the reader aware of the fact that the divisor sets ensuring the Ramanujan property in Corollary 1.1 are uni-regular as introduced in [14] , where a subset of D(p s ) is called uni-regular if it consists of successive powers of p.
The second largest eigenvalue of ICGs
In this section, we shall prove an explicit formula for the second largest modulus of the eigenvalues of an integral circulant graph of prime power order. Before doing that, let us recall some general facts about ICG(n, D) for arbitrary positive integers n and arbitrary divisor sets D ⊆ D(n).
(a) The eigenvalues λ k (n, D) (1 k n) of the integral circulant graph ICG(n, D) can be calculated by
is the well-known Ramanujan sum (cf. [14] ).
with Euler's totient function ϕ. This can easily be deduced from the PerronFrobenius Theorem (cf. [9] , chapter 8.8) and the fact that c(n, n) = ϕ(n). In order to prove Theorem 1.1, we shall have to check for which
is satisfied (cf. 
where the empty sum for D = {1} vanishes. 
As in the proof of Proposition 4.1 in [14] , we distinguish several cases. 
Case 2: j = s − a − 1 for some 1 r. Then, on setting a r+1 := s + 1 and consequently Φ(p s , D(p a r+1 )) = 0, we have
). Let us start by looking at the special case r = 1, i.e. D = {1}, a 1 = 0 and s 1. This means that Case 1 never occurs. Case 2 does occur for j = s − 1 with corresponding λ k (p s , D) = p s−1 . This value equals Φ(2 s , {1}) = ϕ(2 s ) = 2 s−1 in case p = 2 (and s 2, since s = 1 is outruled by our condition p From now on, we assume that r 2. We define
For m D = ∞, Case 1 does not occur at all. Obviously 
This implies
, and we have
Part (ii) of the following result was already proved in Proposition 4.1 (ii) of [14] . (i) Then
(ii) For all odd primes p, we have
Proof. The identity (7) follows right away from (3) 
where the empty sum for D = {1} vanishes.
Proof. The special case p = 2, s 2 and D = {1} is an immediate consequence of Proposition 2.1. By (4) 
A short calculation reveals that this is equivalent with (8).
3 Proof of Theorem 1.1
Now we shall characterise all integral circulant graphs of prime power order which have the Ramanujan property.
Proof of Theorem 1. 
In the sequel we may assume that r 2. Since a r s − 1, we trivially have
Hence, by Corollary 2.2, a necessary condition for ICG(p s , D) to be Ramanujan is that
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Let us first distinguish cases according to the value of a 2 . If a 2 3, thus s 4, a simple calculation shows that (9) is never satisfied. Assume next that a 2 = 2, thus s 3. It is easily seen that (9) requires s 5, and we obtain only the pairs (s, p) ∈ {(3, 2), (3, 3) , (4, 2), (5, 2)} satisfying (9) . Checking our Ramanujan condition (8) explicitly for these pairs, we precisely obtain Ramanujan ICGs as listed below:
We are left with the case a 2 = 1. Using the notation introduced in (6), it follows that m D 3, and we shall distinguish between m D = ∞ and m D < ∞. In the first case, i.e.
for uni-regular divisor sets D, we have s 2 and 2, which is only satisfied for p = 2 or p = 3 and all odd s 5. Therefore, we have two more types of Ramanujan ICGs: 
For s 2(a m−1 + 1), i.e. For j = p = 2, the Ramanujan condition (12) reads r i=m ϕ(p s−a i ) 2, and this always holds unless a m = a r = s − 1, i.e. we obtain Ramanujan ICGs of type , . . . , a r satisfy (13) 
